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Table 5 Correlation analysis of heavy metals in sediments from lake center (Dalianfeizhang)

gy As Cd Cr Cu Ni Pb Zn
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A size-dependent thermal buckling model for micro-beams
based on modified gradient elasticity

Thermal buckling analysis of microbeams based on
modified gradient elasticity

H3
Thermal buckling analysis of microbeams based on modified gradient elasticity. 1
1 1
1.1 Background and objectives of the paper. 1
1.2 Review and comment of the study of thermal buckling of micro-scaled structures based on higher order
theorie: 1
1.3 Outline of the paper. 5
2.F ion and solution 3

2.1Review of modified gradient elasticity (MGE).

Thermal buckling analysis of micro-beams based on modified
gradient elasticity<

Zhao *, Jian Chen 2, Tao Liu =", Wenhao Song %, Jianren Zhan;
2 Department of Mechanics, School oijwI Ennmmmg, Chang:ha University of Science and Technology, Changsha 410114, P.R. China~
* Department of Bridge Engincering, School of Civil Engineering, Changsha University of Science and Technology, Changsha 410114, PR China®
ABSTRACT: To investigate the thermal buckling of the micro-beams, a new thermal buckling model based on modified
gradient elasticity (MGE) for Bernoulli-Euler beam is proposed by using the variational principle. The new model can be
simplified to that of the classical Bernoulli-Euler beam model when the internal length scales vanish. Three numerical
examples including all of boundary conditions, ie. the hinged-hinged boundary condition, the clamped-hinged boundary
condition and the clamped-clamped boundary condition, are solved by a numerical method. The size effect of ATz can be
captured by the new model, i.e., the smaller the beam size is. the bigger the critical temperature rise of buckling AZx is.
The difference of AZk in different theory (i.e. the modified gradient elasticity, MGE; the modified strain gradient theory,
MSG; and the modified couple stress theory, MCS) is discussed. The influence of J (the internal length scale along the
beam thickness direction) on AT is much greater than that of / (the internal length scale along the beam length
direction).«'

*Thermal buckling analysis of micro-beams based on modified

gradient elasticity<

Chengyun Long®, Bing Zhao **, Jian Chen®. Wenhag Song®, Hui Peng *”
2 Department of Mechanics, School of Civil Engineering, Changsha University of Science and Technology, Changsha 410114, PR. Chinat
' Department of Bridge Engincering, School of Civil Engineering, Changsha University of Science and Technology, Changsha 410114, PR. China

Abstract To investigate the thermal buckling of the micro-beams, a new thermal buckling analysis model based on the
modified gradient elasticity (MGE) for Bernoulli-Euler beam is proposed by using the variational principle. The new
model can be simplified to the classical Bernoulli-Euler beam model when the internal length scales vanish. The critical
buckling temperature rise A%z, of MGE Bemoulli-Euler beam on all of boundary conditions are investigated by three
numerical examples. According to the experiment results, the value of internal length scales of epoxy resin micro-beam is
determined. By comparing to the modified strain gradient theory (MSG) and the modified couple stress theory (MCS), it
confirmed that size effect of micro-beam for thermal buckling can be well captured by the new model, i.e., the smaller the
beam size is. the bigger critical buckling temperature rise AZi is. The increment of stiffness is mainly controlled by strain
gradient along thickness direction for slender beams. The choices of higher-order boundary conditions has little influence

2.2 Govering equation for thermal buckling of a Bemoulli-Euler beam 3 Keywords: Thermal buckling; Micro-beam; Bernoulli-Euler beam; Modified gradient elasticity; Size effect. on the critical buckling temperature rise AZx, with increasement of ratio of length to thickness (L/4) and internal length
2.3 Solution of thermal buckling problem 5 . scales to thickness (//h).¢
I e 5 |"1. Introduction .
: . " o *1 Introduction
3.1 Case 1: hinged-hinged beam problem 6 Micro-beams form the backbone of a wide range of strain gradient theory (SG), in which two additional
3.2 Case 2: clamped-hinged beam problem 7 devices in the micro-electro-mechanical systems (MEMS),  higher-order  material length scale parameters —are Micro-beams form the backbone of devices in the micro-electro-mechanical systems (MEMS)., including micro-switch [1.
including F L Guo, G A Rogerson,2003; M for couple stress theory and three additional 2], micro-resonators [3, 4], resonant mier rs [5] and grippers [6]. With the of aerospace
3.3 Case 3: clamped-clamped beam problem. Bostani, A Karami Mohammadi 2017], sensors [Hassani,  higher-order material length scale are petroleum i ions and so on, MEMS devices are often applied in the high
4. Conclusion 9 F Arab, Tsuchiya, etal,, 2013; N Markovic, T Ngglorovle,  introduced for stretch and rotation gradient theory [N.A extreme temperature environment. The influence of temperature change on the buckling behavior of micro-beams is great
Referen 9 D §tgjig,»  2015], actuators [N Markovic, T Nestoroyic, J.W. Hutchinson, 1993; N.A. Fleck, LW and necessitates an in-depth study [7). In spite that the size effect is founded to be of great significance in the thermal
D Stgjig,»  2015; S F Griffin, W K Chan, D J Clingr Hutchinson, 1997; N.A. Fleck, J.W. Hutchinson, 2001 buckling analysis of micro-beaims [7, 8], size effect cannot be described by the classicl elasicity theory. Therefore, many

1. Introduction

1.1 Background and objectives of the paper
Microbeams is widely used in the micro-electromechanical systems (MEMS) such as those in sensors [N.A. Hall.
M.AM. Gijs, 2007] and actuators [E.S. Hung, S.D. Senturia, 1999: M.P.

Boer. DL. Luck. WR. Ashurst. et al. 2004]. In these applications. the influence of thermal buckling on the
S ab M, 2007; Yar im CW,2
researches indicate that the size effect is sigmﬁcam in the Thermal buckling analysis of microbeams [Nateghi A

Wang YZ, Lia FM, K

‘microbeam can't be ignored [N 2;Linl

Chiao M.1998]. Various

talab M. 2007: Feng CB. Yan

Salan

Because of the failure of describing the size effeci by the classical elasnclry theory. many ln,}m
theories are used to consider size effects in the thermal buckling analysl [
CW, 2012; Wang YZ. Lia FM, . 2010;

13 2 Review and comment of the study of thermal buckling of micro-scaled
structures based on higher order continuum theories

One of the most important higher-order continuum theories was proposed by Mindlin [y
RD. 1964; RD. M;
strain energy density. After that, Mindlin’s formulation [R.D. Mi;
[NA. Fleck. J.W. Hutchinson,1993; N.A. Fleck
eradient theory (SGT) are proposed. And then later, the modified couple stress theory (MCST) was claborated by Yang

11i1.1965]. which considers the first and the second derivatives of the strain tensor effective on the
1.1965] was extended by Fleck and Hutchinson
J.W. Hutchinson.1997], the couple stress theory (CST) and the strain

ng, Chong, Lam, and Tor

etal

02] in which strain energy density includes symmetric rotation gradient tensors

besides symmetric strain tensor, the modified strain gradient theory (MSGT) was introduced by Lam et al. [D.C.C. Lam

etal., 2016)and atomic force microscope probes|J VP. Smyshlyagy, N.A. Fleck, 1996]. Based on CS and SG,

S Chigalaalic A A Alexeenko2011]. With the ? buckling model of the Ben:oulh Euler micro- bez:‘n:i
development of aerospace engineering, petroleum an RS
materials(FGM) mjcm-heam are studied greatly [K.A

exploration, environmental inspections and so on, MEMS
devices are expected to be used in high extreme
temperature environment, the buckling of micro-beams
under the temperature rise need to make an indepth study
[Yang Q CW,2012; O Zandieh S Kim,2016].

spite that lhe size effect is founded to be of great
significance in the thermal buckling analysis of
micro-beams [Jia XL, Kg LL, Feng CB, Yang
Kitipomehai S, 2015], the size effect is failed to be
described by the classical elasticity theory. Therefore,
many higher-order continuum theories are used to
consider size effects in the thermal buckling analysis
Q. Lim CW, 2012; Mohammadi H , Mahzeon M.
< Chen, Y Li,2018

r-order continuum
theory, the classical couple stress elasticity theory was
originated by Mindlin. Toupin and Koiter in 1960s and
contains four material constants (two classical and two
additional) for isotropic elastic materials [\indlin RD,
1962; Mindlin RD, 1964; RD. Mindlin,1965; R.A.
Toupin. 1962; W.T., Koitex, 1964]. Some related research
works had been performed to model the behaviors of
micro-beams based on the classical couple stress theory
[A, Antheige, 2000, S.J. Zhou, Z.Q. Li, 2001; X. Kang,
ZW. Xi, 2007]. Since 1993, Fleck and Hutchinson
extended and reformulated the classical couple stress
theory, and proposed the couple stress theory (CS) and the

Mgum\ 2010; Li X, LiL, Hu Y, ct al, 2017; Saba

Yaghoubi, S. 2017:]. On the other hand, several
studies have been performed fo investigate the thermal
effect on mechanical responses of beams. For examples,
Buckling of beams made of FGM under various types of
thermal loading was performed by Y Kiani and M R
Eslami [ Kjapl. M R Eslagui. 2010), temperature change
plays more important role in the buckling behavior of
FGM micro-beams with higher values of

theories are developed to consider size effect in the thermal buckling analysis [7, 9, 10].<*
As one of the most important higher-order continuum theory, the classical couple stress theory was originated by

and Koiter in 1960s [11-13] and contains four material constants (two classical and two additional) for

isotropic elastic materials. Some related research works had been performed to model the behaviors of micro-beams
based on the classical couple stress theory [14, 15]. In 2002, by introducing a equilibrium condition of moments of
couples to force the couple stress tensor to be symmetric, a modified couple stress Lheory (MCS) had been elaborated by
Yang et al., in which constitutive equations involve only one additional internat length scale besides two classical material
constants [16]. Based on MCS, some related research works are developed. For example, buckling of composite

laminated Bernoulli-Euler and Ti was studied by Mok d Abadi et al. [17]. Jia et al. analyzed
thermal-mechanical-electrical buckling of FGM micro-beams with dependent thermo-elastic properties [18].
Mohammad Abadi et al. [19] analyzed the thermal effect on size-dependent buckling of laminated
micro-beams by using a new method. Tao et al. [20] studied the size-depend laminated micro-beams in

length scale parameter was presented by S Sahmani and R
Ansari [S. Sahmani, R Ansari, 2013]. Thermal buckling
analysis of FGM micro-beams with longitudinal crack
was studied by Yiming Fu et al.[Yimipg Fu.2013]. The
post-buckling behavior and the micro-scale effects of a
new extended Timoshenko beam was studied by R Ansari,
M Faghih Shojaei. F Ebrahimi, et al. [R Ansari, M Faghih
Shoiagi, F Ebrahimi, et al., 2015]. Influence of a uniform
thermo-mechanical loading on buckling and free vibration
of a curved FGM Ti beam was i by

thermal based on a new modified couple stress theory. It is worth noting that the equilibrium of the moment
of couples is introduced as an additional equation for the couple stresses in MCS, that is the couple stress tensor must be
symmetric. However, Hadjesfandiari, and Dargush [21] came to a contrary conclusion that the couple stress tensor is of
the skew-symmetric character.<

Another important high order continuum is the stain gradient elastic theory. The more general stain gradient elastic
theory is proposed by Mindlin in 1964 to describe the linear elastic behavior of micro-structures, in which 16 additional
internal length scales for isotropic materials in addition to two Lame constants are involved [22]. For practical purposes,
Mindlin and Eshel [23] further formulated stain gradient elastic theory in 1968, utilizing only two material and five
internal length scales in the fual constitutive relauon Based on m@m; stain gradient elastic theory, the buckling
models of the B 1li-E and graded materials (FGM)

y
O Rahmani. S A H Hosseini, I Ghoviasi, et al. [0
Rabmani, S A H Hosseini, I Ghoyiasi, et al.]. However, in
view of the difficulties of determining higher order
material length scale parameter for materials by
i i I theory with less

ping a
additional parameters was desirable.<
In 2002, a modified couple stress theory (MCS) had
been elaborated by Yang et al, in which constifutive

beam are studied greally [24-26], and several studies have been perfonned to investigate the thermal effect on
mechanical responses of micro-beams [27-29]. In these beam models, there are five additional internal length scales at
least; it makes the governing equations more complicated. In addition, applying the mathematical reformulations, the

number of independent higher-order elastic internal length scales is proved to be three for isotropic materials by Zhou S. J.

etal. [30].¢

In 2003, a modlﬁed strain gradlem elasticity theory(MSG) had been proposed by Lam et al., in which a new
additional equation is to force the character of the couple stress tensor and reduce the
number of elastic internal length scales from five to three [31]. Based on MSG, buckling behavior of micro-beams with
different boundary itions was studied by di et al. [32-33]. The influences of the material
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Abstract To investigate the size effect in thermal buckling behaviors of micro-beams, a new size-dependent
thermal buckling model based on modified gradient elasticity is presented. The governing equation and bound-
ary conditions of the model are derived by applying the variation principle. Numerical examples of different
supported beams are solved. The critical buckling temperature rises and normalized deflection of different
modes are presented. The results show that the smaller the beam size is, the bigger the critical buckling tem-
i ifi temperature cises of each
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ignored. Compared with other si
meaning and simple form.

: different Figher-6rder bolindary Gondifions Gaing bo.
dependent models, the presented model is featured by evidently physical

Keyword  Thermal buckling - Size effect - Modified gradient elasticity - Bernoulli-Euler micro-beam

1 Introduction

Microscale structures are widely applied in the microelectromechanical systems (MEMS) [1-5]. As the back-
bone of microscale structures, micro-beams are usually working under extreme conditions, such as high
temperature. In this case, the thermal buckling analysis of micro-beams has received extensive attention [6-9],
and the size effect plays an important role during this procedure [ 10-13]. The classical elasticity theory failed
to capture the size effect under these conditions, and high-order continuum theories as a powerful fool are
widely used to dress these issues [14, 15].

C. Long - B. Zhao (59) - J. Chen - T. Liu - X. Peng

Deperest of Mechinics: Scbasl of Civ Engineering, Changsha University of Science and Technology, No.45, Chiling Rd..
xin District, Changsha 410114, People’s Republic of China

Gl zhaob, rhey @163 com

B. Zhao - H. Peng
Department of Bridge Engincering, School of Civil Engincering, Changsha University of Science and Technology, Chang-
sha 410114, People’s Republic of China

Department of Mechanics, School of Civil Engineering, Central South University. Changsha 410083, People’s Republic of China

T. Liu
State Key Laboratory of Fluid Power & Mechatronic System, Key Laboratory of Soft Machines and Smart Devices of Zhejiang
Province, Department of Engineering Mechanics, Zhejiang University, Hangzhou 310027, People’s Republic of China

X. Yang
School of Aerospace Engineering, Huazhong University of Science and Technology, Wuhan 430074, People’s Republic of China

Published online: 11 May 2021

[ A -4-?—

i o




[ il
i 0
[ ]
[ "
" B = "
-. Al "4 ..
[ ] L]

EEEEEEEES DT - » mERENEAEEEER
L} .
1 L]

BIE AR !

(KIPETREFZHR (BRHR ) )
SIS ES LTS

AVINS)

=




